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The flow stress of thin sheet material subjected to biaxial 
stresses can be characterised by a plane stress yield locus. It 
is only when infonnation is available in this fonn that the 
effectiveness of texture strengthening under a wide range of stress 
situations can be assessed. The plotting of a yield locus by 
conventional uniaxial tension, compression and plane strain tests 
is time consuming, and, for thin sheets, data in the compression
compression quadrant are difficult to obtain. The possibility of 
using hardness measurements to derive a plane-stress yield locus 
therefore appears attractive. 

The use of the Knoop hardness indenter for establishing the 
shape of the yield locus was first proposed by Wheeler and 
Ireland (1). Two indentations are made on each of the three 
principal anisotropic planes, with the indenter axes aligned along 
the principal directions in these planes. (Figure 1.) The K.H.N. 
for any indenter orientation was represented as a vector quantity 
on the octahedral stress plane, Subsequently, Hosford (2) and 
Lee, Jabara and Backofen (3) plotted the da~a on a plane stress 
diagram with principal stresses in the plane of the sheet, and this 
method of presentation has been used in the present work. 

Although the theoretical analysis is not satisfactory for 
reasons outlined below, the method has given reasonable agreement 
with yield loci determined by alternative methods for some 
materials (1,3), but not for magnesium (4). A major difficulty 
with the Knoop hardness method is the assignment of a strain level 
for the yield locus. The problem of defining the stress state 
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associated with each indentation involves an assumption about the 
principal strains based on the geometry of the indenter, and a 
curious mixture of isotropic and anisotropic plasticity theory. 

Following references (2) and (3), fixed stress states are 
assigned to each of the six indentations, these stress states being 
independent of the anisotropy of the material. On the other hand, 
Wonsiewicz and Wilkening (W & W) (4) suggested that the strain
ratios for each impression were fixed, and using the average 
plastic strain ratio, r, as a measure of anisotropy, with an 
additional assumption of planar isotropy, stress states were 
calculated. The Wand W method.does not appear to have been 
applied to experimental data. 

Both methods of plotting the hardness data on a plane stress 
diagram have been used in the present contribution, the W and W 
method being modified to take fnto account differences between ro 
and rgo. 

Results and Discussion 

The materials used were commercial-purity titanium sheet 
(I.M.I. Titanium 130) and Ti-6 Al - 4 V sheet (I.M.I. 
Titanium 318). These materials had been processed to give a 
wide range of textures and anisotropic conditions, and evaluated 
by tensile tests, strain ratio measurements and plane-strain 
compression tests. This part of the work will be described 
elsewhere (5). 

Knoop hardness indentations were made on electropolished 
surfaces, a load of 1 Kg being used. Each quoted hardness value 
is an average of at least ten impressions. The locus derived 
from the Knoop values is in each case compared with the locus 
derived from the measured r values, using the Hill theory of 
plastic anisotropy (6). Tangents to the locus derived from 
experimental plane strain compression values are also drawn on 
the diagrams (Figures 2. and 3.). Experimental and theoretical 
loci have been calibrated to coincide at the uniaxial tensile 
yield point, oy• 

Evidence of crystallographic deformation in the surface grains 
adjacent to the indentations was noted, and then surface layers 
were removed by electropolishing in order to reveal evidence of 
deformation twinning below the Knoop impressions. The presence or 
absence of twins below the Knoop indentations is summarised in 
Table I. for the two extreme textural conditions. 
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Fig. 1. Knoop indenter orientations (after Wonsiewicz and 
Wilkening (4)). 
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Fig. 2. Plane-stress (~2 = O) yield loci for titanium 318. Left -
low r sheet, ro = 0.4, rgo = 0.5; Right - high r sheet, 
ro 4.3, rgo = 5.3. 
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Plane-stress (dz = O) yield loci for titanium 130. Top 
left - low r sheet, r 0 = 0.5, r 90 = 0.8. Top right -
medium-high r sheet, ro = 2.8, rgo = 4.5. Bottom left -
high r sheet, ro 3.1, rgo = 6.6. Bottom right - very 
high r sheet, r 0 = 11.6, r 90 = 13.7. Symbols as for Fig. 2. 
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Table I. - Frequency of Deformation 

Twins below Knoop indentations 

Knoop Very high_r Titanium 130 Low r Titanium 130 
Indentation (r '" 12) er- '" o .6) 

a Twins Few twins 
b Twins Twins 
c No twins Twins 
d Twins Few twins 
e Twins No twins 
f No twins Twins 

The twinning behaviour of the high r material, having a well
defined texture with basal planes parallel to the surface of the 
sheet and a fine grain size, was reproducible. The low r 
material showed more variation from impression to impression, 
probably due to the less well-defined texture and the larger grain 
size. 

From the general shape of the twins, they appear to be of the 
{10l2} type, but the sense of shear involved is difficult to 
reconcile with the orientation and stress system. Although the 
stress system is admittedly complex for the Knoop 
indentations (4), twins similar in appearance have been observed 
under plane-strain compression (5). In particular, copious 
twinning was observed when plane strain indentations were made on 
the surface of very high r sheet, conditions comparable to Knoop 
impressions a and b. Further work is required to establish the 
identity of the twins. 

Examples of metallographic observations are shown in 
Figure 4. Profuse sub-surface twinning was generally associated 
with less surface slip marking. In the case of the very high r 
material, crystallographic slip is particularly difficult for 
plane-strain indentations parallel to directions a, b, d and e, and 
it is these Knoop impressions that show maximum twinning. 
Similarly, for an idealised texture with basal plane poles 
parallel to the transverse direction (low r material) directions 
e, f, band care associated with unfavourable slip situations. 

Some representative yield loci for Titanium 318 and 
Titanium 130 are shown in Figures 2. and 3. For the lowr 
materials, there is little to choose between the two methods used 
for plotting the Knoop data. However, for the very high r 
materials, the W and W points a, b, d and e define the shape of 
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Fig. 4, Microstructure beneath Knoop indentations (X 240). Very 
high r titanium 130; left - impression a; centre -
impression d; right - impression f, 
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Fig. 4. (cont'd) - Low r titanium 130; left - impression a; centre -
impression d; right - impression f. 
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the locus rather better than the Hosford, Backofen points which are 
comparatively insensitive to large variations in the shape of the 
locus. 

For low and medil.IIIl-high r values, the plane stress yield locus 
detennined by Knoop hardness measurements and evidence from plane 
strain compression tests both agree well with the theoretical 
yield locus derived by the application of Hill's anisotropic 
theory. 

For very high r values, the experimental Knoop locus again 
agrees reasonably well with the plane-strain evidence, but both 
sets of experimental results deviate considerably from the 
theoretical prediction. This means that, for highly textured 
sheet with basal planes parallel to the surf ace, calculated 
strengths based on the high r values of the sheet are a considerable 
over-estimate of the actual strength under balanced biaxial 
stresses. 
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